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It is shown that the criticism made in hep-th/0007108 (by Jentschura and Weniger) on hep-
th/0006057 is incorrect and has no valid ground. Furthermore we emphasize that the concept of the
electric-magnetic duality used in the analysis of QED one-loop effective action in physics/0010038
(by Jentschura) has first been introduced in hep-th/0006057.
PACS numbers: 12.20.-m, 13.40.-f, 11.10.Jj, 11.15.Tk
Recently we have presented a non-perturbative but convergent series representation of the one-loop effective action
in the standard electron and scalar QED, and established the existence of a new electric-magnetic duality in these
gauge theories at the quantum level [1]. But subsequently Jentschura and Weniger [2] claimed that “the results in
[1] have appeared in the literature before”, in particular in [3]. In the present short note I refute their assertion, and
show that their criticism is incorrect and is not based on the truth.
First, Jentschura and Weniger claimed that “the Sitaramachandrarao’s identity (6) in [1], which plays a crucial
role in the derivation of the effective action of QED, corresponds to the identity (2.8) in [3]”. It is surprising how
they could make such a false claim without checking the elementary facts. Obviously they are different, although
superficially they look similar. More importantly the identity (2.8) in [3] is simply incorrect. This can be seen easily
even in the simple case of pure magnetic background. The identity which we used in our paper,




























(y2 − n2pi2) . (1)
is a rigorous mathematical identity which is non-trivial in its origin. A preliminary version of the identity which was
expressed as a divergent asymptotic series was first obtained by Ramanujan, and only later Sitaramachandrarao has
improved the Ramanujan’s identity and obtained the above convergent expression. Moreover this identity had been
known only among very few mathematicians in India until recently, when the Ramanujan’s Notebooks was printed
and widely circulated in 1989 [4].
Secondly, our effective action is clearly different from the expression in [3]. In fact using the wrong identity (2.8)
one can not possibly derive a correct effective action. An honest derivation of the effective action using the correct
identity should produce both the real and the imaginary parts simultaneously, as we showed in [1]. In contrast the
derivation in [3] with (2.8) could not produce any information on the imaginary part of the action whatsoever. So it
is obvious that [3] is incorrect, and our result is different from [3]. Notice that, if Jentschura and Weniger missed this
important fact, the experts in this field evidently knew about this and did not take [3] seriously [5].
Another important difference is the logarithmic correction ln(m/µ)2 of the classical part of the action in our
expression. One might think that this term can be made to vanish simply by choosing µ to be m. But this is possible
only at this particular value of µ. The point here is that the effective action must be a function of the subtraction
parameter (or equivalently the running scale after the renormalization). More importantly the logarithmic correction
in our expression tells that there should exist a finite quantum correction to the classical Lagrangian −(a2 − b2)/2
which is physical. Indeed after the renormalization we do obtain a non-trivial physical quantum correction to the
classical part of the action [6].
Thirdly, our paper contains two more important results, the derivation of the convergent series expression of
the scalar QED and the establishment of the electric-magnetic duality in the effective action of QED, which are as
important as our first result. Curiously, Jentschura and Weniger completely neglected these important results. We
emphasize that the derivation of the effective action of the scalar QED is a non-trivial feat, which is based on a totally
new identity of us (i.e., the identity (21) of [1]) that is as significant as the Sitaramachandrarao’s identity.
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As importantly our duality, the invariance of the quantum effective action under the transformations
a! −ib, b! ia, (2)
is a non-trivial new symmetry. In his new paper [7] Jentschura discussed our duality without quoting us. Furthermore
he has trivialized the duality by claiming that this duality “immediately follows from the integral representation”









But again this is a totally wrong and misleading statement. In fact it is easy to see that this integral expression (as
well as the classical action) is invariant under the four different transformations a ! ib, b ! ()ia. But among
the four symmetries only our duality (2) survives as the true symmetry of the final quantum effective action. So it
is obvious that our duality does not follow immediately from the integral representation. We emphasize that this
duality is a fundamental symmetry of gauge theories, both Abelian and non-Abelian [8]. In fact the duality provides
an important criterion to check the correctness of the quantum effective action in gauge theories, in particular in QCD
[6]. Jentschura again completely missed this important point.
To sum up, it is evident that the criticism by Jentschura and Weniger [2] on our work [1] is a totally unfounded
and false accusation. Furthermore Jentschura’s new paper [7] misrepresents and trivializes our duality without un-
derstanding the deep meaning, without explaining who introduced this duality first.
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